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Some general regularities of dispersion of a gas emerging from a nozzle 
submerged in a liquid are considered. A condition for establishment of 
the so-called "maximum dispersion" state is formulated. 

Pu lp  a e r a t i o n  i s  e f f ec t ed  by m e c h a n i c a l  and p n e u -  
m a t i c  gas  d i s p e r s i o n  m e t h o d s ,  as  wel l  a s  by m e a n s  of 
the  g a s e s  r e l e a s e d  f r o m  so lu t ion  upon lower ing  the 
p r e s s u r e  [1]. 

The pneumat i c  gas  d i s p e r s i o n  me thod  i s  m o s t  c o n -  
ven ien t  b e c a u s e  of i t s  t e chno log i ca l  s i m p l i c i t y .  How-  
e v e r ,  s i nce  the  bubb le s  coming  out of the h o l e s  of a 
po rous  v e s s e l  t end  to m e r g e  r a p i d l y  ( this  i s  f a c i l i t a t e d  
by the d i f f e r ing  d i a m e t e r s  of the bubb les  and by the 
c l o s e  spac ing  of the ho les ) ,  th is  me thod  has  not  y e t  
come  into p r a c t i c a l  use .  

T h e r e  has  been  i n c r e a s e d  i n t e r e s t  l a t e ly  in the 
s tudy of the d i s p e r s i o n  of a gas  e m e r g i n g  f r o m  a s i n -  
g le  nozz le .  S e v e r a l  a u t h o r s  [2, 3] have  c o n s i d e r e d  
s t a t e s  a s s o c i a t e d  with  s m a l l  e x c e s s  p r e s s u r e s  such 
that  s ing le  bubb le s  e m e r g e  f r o m  the nozz l e .  

The p r e s e n t  s tudy c o n c e r n s  s t a t e s  a s s o c i a t e d  with 
h i g h e r  p r e s s u r e s  which p roduce  l a r g e r  n u m b e r  of 
bubb les  in a s y s t e m .  

It  is  c l e a r  that  the  e s t a b l i s h m e n t  of a g iven  gas  d i s -  
p e r s i o n  s t a t e  depends  on the fo l lowing quan t i t i e s :  1) 
the  d e n s i t y  and v i s c o s i t y  of the  l iquid;  2) the s u r f a c e  
t ens ion  at  the l i q u i d - g a s  boundary ;  3) the r a d i i  of the 
nozz le  and bubb les ;  4) the v i s c o s i t y  of the gas ;  5) the 
he igh t  of the l iqu id  co lumn;  6) the a t m o s p h e r i c  and gas  
p r e s s u r e ;  7) the  s u r f a c e  t ens ion  at  the  l i q u i d - s o l i d - g a s  
boundary .  As  r e g a r d s  the gas  dens i ty ,  i t  i s  c l e a r l y  
d e t e r m i n e d  by the  p r e s s u r e .  

The s u r f a c e  t en s ion  at  the g a s - s o l i d  and s o l i d - l i q -  
uid m u s t  in our  c a s e  a p p e a r  a s  the d i f f e r ence  be tween  
these  two quan t i t i e s ,  s i nce  the s o l i d - l i q u i d  b o u n d a r y  
is  r e p l a c e d  by the s o l i d - g a s  bounda ry  dur ing  p a s s a g e  
of the gas .  Hence ,  i n s t e a d  of two s u r f a c e  t ens ions  we 
have  the e x p r e s s i o n  [4] % c o s @ .  

The he ight  of the l iquid  co lumn and the a t m o s p h e r i c  
p r e s s u r e  d e t e r m i n e  the e x t e r n a l  p r e s s u r e .  The f ina l  
e x p r e s s i o n  m u s t  inc lude  the e x c e s s  p r e s s u r e  g iven  by  
the e x p r e s s i o n  

A p = p - -  (pat @ p gh). 

Hence ,  the d i m e n s i o n l e s s  c r i t e r i o n  m u s t  be a c o m -  
b ina t ion  of the fo l lowing m u t u a l l y  independen t  q u a n t i -  
t i e s :  the l iquid  dens i ty ,  the l iquid  and gas  v i s c o s i t i e s ,  
the  s u r f a c e  t ens ion  at  the l i q u i d - g a s  bounda ry ,  the  
r a d i i  of the bubble  and the nozz l e  ho le ,  and the e x c e s s  
gas  p r e s s u r e .  Each  of the fol lowing p a i r s  of quan t i t i e s :  
l iquid  and gas  v i s c o s i t i e s ,  nozz le  and bubble  r a d i i ,  and 
% and (r0cos O a r e  in the s a m e  uni ts .  

Hence,  the  condi t ion  of d i m e n s i o n l e s s n e s s  m u s t  be 
sought for  a se t  of f ive quan t i t i e s  m e a s u r e d  in uni ts  of 

v i s c o s i t y ,  s u r f a c e  t ens ion ,  p r e s s u r e ,  dens i ty ,  and 
length.  

Since the t o t a l  number  of b a s i c  uni ts  of m e a s u r e -  
men t  fo r  the g iven  se t  of quan t i t i e s  i s  t h r e e ,  i t  fo l lows 
by the ~ - t h e o r e m  that  the number  of d i m e n s i o n l e s s  
c r i t e r i a  d e t e r m i n i n g  a g iven  d i s p e r s i o n  s t a t e  m u s t  be 
two. Hence ,  the  s y s t e m  of five equat ions  can be so lved  
fo r  any two* u n d e t e r m i n e d  coe f f i c i en t s .  We then have  

[ o2p i t (  Apr I~ ( i )  k :  ~ /  - ~ - j .  

The d i m e n s i o n l e s s n e s s  of k in the  above  e x p r e s s i o n  
is  g u a r a n t e e d  for  a l l  ~ and ~. In o r d e r  for  the quant i ty  
k to r e f l e c t  the mean ing  of the p r o b l e m ,  [ and ~ o r  at  
l e a s t  one of  t hem m u s t  be d i f f e ren t  f rom ze ro .  Le t  us  
a s s u m e  that  ~ = ~ = 1. This  y i e ld s  

F= Apt , (2) 
g 

Q = X-p~ . (3) 

The f i r s t  of t h e s e  e x p r e s s i o n s  r e l a t e s  quan t i t i e s  
c h a r a c t e r i z e d  by l i n e a r  d i m e n s i o n s  (the bubble  or  n o z -  
z le  hole  r a d iu s )  to the e x c e s s  p r e s s u r e  and s u r f a c e  
t ens ion .  In the s p e c i a l  c a s e  where  F = 1 and r is  the 
nozz l e  r a d i u s  only,  e x p r e s s i o n  (2) b e c o m e s  the f a m i l -  
i a r  L a p l a c e  equat ion.  He re  Ap is  the m i n i m u m  e x c e s s  
p r e s s u r e  r e q u i r e d  in o r d e r  for  a i r  to p a s s  th rough  the 

nozz l e .  
M o r e o v e r ,  if  we r e c a l l  tha t  a c c o r d i n g  to e x p r e s s i o n  

(2) the sum of exponents  of the bubble  and nozz le  r a d i i  
is  equal  to unity,  then th is  e x p r e s s i o n  b e c o m e s  the 
K a r a b a n o v - F r u m k i n  f o r m u l a  which a l so  conta ins  Ap, 
a, and the bubb le  and nozz le  r ad i i .  

E x p r e s s i o n  (3), which c o n s i s t s  of the l iquid  and gas  
p a r a m e t e r s  only,  m u s t  c h a r a c t e r i z e  the d i s p e r s i o n  
s t a t e s  for  a g iven nozz le .  This  fo l lows f rom the obv i -  
ous fac t  tha t  a g iven gas  e m e r g e n c e  s ta te  ( including 
the " f l ame"  s ta te )  for  the s a m e  nozz le  a r i s e s  with 
d i f f e ren t  e x c e s s  p r e s s u r e s .  

Hence,  r e g a r d l e s s  of the  p a r a m e t e r s  of the gas  and 
f luid,  e v e r y  nozz le  o r  hole  f r o m  which the gas  e m e r -  
ges  i s  c h a r a c t e r i z e d  by two d i m e n s i o n l e s s  c r i t e r i a  (F  
and Q) whose  va lues  change f r o m  s t a t e  to s t a te .  The 

*Since we a r e  dea l ing  with a combina t i on  of f ive e l -  
e m e n t s  in p a i r s ,  i t  fo l lows that  in g e n e r a l  we m u s t  
have ten  c h a r a c t e r i s t i c  quan t i t i e s  spec i fy ing  a g iven 
s t a te .  However ,  only two of the quan t i t i e s  t u rn  out to 
be non iden t i ca l  by  v i r t ue  of the ~r- theorem. 
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Fig. 1. Diagram of the experimental apparatus: 1)125-tech. atm. 
p res su re  gauge; 2) 25-tech. atm. pressure  gauge; 3 ) r educe r ;  
4) flange which presses  connecting pipe 6 and plug 7 to the bot- 
tom of column 9 by means of bolts 5; 8) molybdenum glass capil- 
lary; 10) compressed  air carbo~r 11) re f r igera tor  coil for cooling 
the air entering the column; 12) needle valve; 13) mercury  p re s -  
sure gauge; 15) water-f i l led vessel  (a safety device in case of 

ejection of the mercury  from the pressure  gauge). 

Fig. 2. Character is t ic  pictures of gas dispersion under the action of the 
medium for a nozzle with a hole diameter of 125 p.  



434 INZHENERNO-FIZICHESKII ZHURNAL 

c r i t e r i o n  Q i n d i c a t e s  the  c o r r e s p o n d i n g  s t a t e ,  whi le  
F s e r v e s  to d e t e r m i n e  the bubble  d i a m e t e r .  

The p h y s i c a l  s i gn i f i c ance  of f o r m u l a  (2) i s  ev ident  
f r o m  the f ac t  tha t  i t  b e c o m e s  the f a m i l i a r  equa t ion  
e x p r e s s i n g  the equa l i t y  of the  gas  p r e s s u r e s  in s ide  
and ou t s ide  the  ind iv idua l  bubb le s .  Th is  cond i t ion  a p -  
p l i e s  equa l ly  to a s ing le  bubble  f o r m e d  at  the out le t  of 
a nozz le  and to bubb le s  f o r m e d  as  a r e s u l t  of the  f r a g -  
m e n t a t i o n  of a j e t  o r  of l a r g e r  bubb le s .  

In o r d e r  to i n v e s t i g a t e  the p h y s i c a l  mean ing  of e x -  
p r e s s i o n  (3) we r e w r i t e  i t  a s  

Q= 0A-- 

The d e n o m i n a t o r  Ap i s  the  p r e s s u r e  which p r o m o t e s  
g rowth  of the  b u b b l e s ,  expans ion  of the  j e t ,  and s c a t -  
t e r i n g  of the bubb l e s  in the m e d i u m ,  i . e . ,  i t  i s  an e x -  
t e r n a l  f a c to r .  The n u m e r a t o r  i s  the f o r c e  wi th  which 
the m a s s  of f luid con ta ined  in a unit  vo lume  r e s i s t s  
the  above  p r o c e s s e s ,  i .  e . ,  a c t s  in the oppos i t e  d i r e c -  
t ion.  Since a l l  the  quan t i t i e s  a p p e a r i n g  in  the  n u m e r -  
a t o r  a r e  p a r a m e t e r s  of the  m e d i a  in con tac t ,  th i s  f o r c e  
c h a r a c t e r i z e s  the  r e s i s t a n c e  of the s y s t e m  to bubble  
g rowth  or  gas  d i s p e r s i o n .  

The s q u a r e  of the r a t i o  a / ~  i s  due to the fac t  tha t  
we a r e  dea l ing  with a f o r c e  p e r  unit  a r e a  (as in the 
c a s e  of the e x c e s s  p r e s s u r e ) .  Hence ,  a g iven  d i s p e r -  
s ion  s t a t e  i s  e s t a b l i s h e d  for  a spec i f i c  r a t i o  of t h e s e  
two oppos ing  f o r c e s .  

In comput ing  Q on the b a s i s  of e x p e r i m e n t a l  da t a  i t  
i s  n e c e s s a r y  to b e a r  in mind  the fac t  tha t  ~? i nc ludes  
not  only the  f lu id  v i s c o s i t y ,  but a l so  the  v i s c o s i t y  of 
the  gas  p a s s i n g  th rough  the nozz l e ,  whi le  a i nc ludes  
not  only the coe f f i c i en t  of s u r f a c e  t ens ion  at  the l i q u i d -  
g a s  b o u n d a r y  %, but  a l so  the d i f f e r e n c e  be tween  the 
coe f f i c i en t s  of s u r f a c e  t en s ion  at  the  l i q u i d - s o l i d  and 
g a s - s o l i d  b o u n d a r i e s ,  th is  d i f f e r e n c e  being the p roduc t  
% c o s |  w h e r e  | i s  the  con tac t  angle  of wet t ing of the 
so l id  by the l iquid.  Hence ,  

O = ~(~o cos 0)~'~ (5) 

R e c a l l i n g  that  

we have  

o r  

w h e r e  

~ + a l  = 2 ,  ~-F ~ =  2, (6) 

O = ~ (cos O) 2-~ 
(7) 

l o g Q = a l o g n g  + ~  log 1 
~l c o s y  + z, (8) 

z := 2 log o0cos 0 + l o g + .  (9) 
ng 

E x p r e s s i o n  (8) con ta ins  t h r e e  unknowns,  Q, a ,  and 
fl; t h e i r  va lue s  m u s t  change  f r o m  s t a t e  to s t a te .  We 
were  i n t e r e s t e d  in the  va lue s  of t h e s e  unknowns which 
c h a r a c t e r i z e d  m a x i m u m  d i s p e r s i o n  fo r  a nozz le  125/~ 

in d i a m e t e r .  F o r  th is  p u r p o s e  we e m p l o y e d  the r e l a -  
t i v e l y  s i m p l e  se tup  shown in F ig .  1. The gas  was a i r  
and the l iqu ids  we re  s u g a r  so lu t ions  of w a t e r  with 
s u g a r  c o n c e n t r a t i o n s  of 1:10, 1:3, and 2:3 and four  
b a t c h e s  of t r a n s f o r m e r  oi l  d i s s o l v e d  in gaso l ine .  

We began  by d e t e r m i n i n g  a l l  of the  c h a r a c t e r i s t i c  
s t a t e s  fo r  each  l iquid  and f inding the a p p r o p r i a t e  v a l -  
ues  of the  e x c e s s  a i r  p r e s s u r e .  

The s t a t e s  noted in our  e x p e r i m e n t s  w e r e  as  f o l -  

lows:  
1. Gas  e m e r g e d  in s ing le  bubb les  fo r  a low e x c e s s  

p r e s s u r e  d e t e r m i n e d  f r o m  the f a m i l i a r  L a p l ace  e q u a -  
t ion.  

2. The f r equency  of bubble  b r e a k a w a y  i n c r e a s e d  
with r i s i n g  p r e s s u r e  unti l  the bubbles  f o r m e d  a chain .  
The bubb les  w e r e  m a r k e d l y  s m a l l e r  than  in the  f i r s t  
s t a t e .  

3. The bubb le s  f o r m e d  by the m o r e  c o m p r e s s e d  gas  
then i n c r e a s e d  r a p i d l y  in vo lume  unti l  e q u i l i b r i u m  b e -  
tween the i n t e r n a l  and e x t e r n a l  p r e s s u r e s  was  ach ieved  
(Fig .  2 a ) .  The bubble  d i a m e t e r  was much  l a r g e r  than  
in the second  s ta te .  

4. With  f u r t h e r  i n c r e a s e s  in e x c e s s  p r e s s u r e  the  
cha in  of gas  bubb le s  b e c a m e  s h o r t e r  and a s ing le  b u b -  
b l e  f o r m e d  at  the t ip  of the  s l e n d e r  gas  je t .  Smal l  
bubb les  f o r m e d  at  the  s u r f a c e  of th is  s ingle  bubble .  As  
a r e s u l t ,  bubbles  of two d i f f e r en t  s i z e s  t r a v e l e d  
th rough  the m e d i u m  (Fig .  2b). 

5. At  some  value  of the  e x c e s s  p r e s s u r e ,  the  growth  
of the  s m a l l  bubb les  and the sh r inkage  of the l a r g e  
ones  ( see  d e s c r i p t i o n  of the  four th  s ta te)  p roduced  the 
s ta te  of m a x i m u m  gas  d i s p e r s i o n  (Fig .  2c). C o m p a r i -  
son i n d i c a t e s  tha t  th is  was the c a s e  w h e r e  the s y s t e m  
was  m a x i m a l l y  m o n o d i s p e r s e  and s a t u r a t e d  with s m a l l  
bubb le s .  

6. The next  s t a t e ,  which was e s s e n t i a l l y  p r e s e r v e d  
at  high p r e s s u r e s  (8 a tm in our  e x p e r i m e n t s ) ,  d i f f e r ed  
f r o m  the four th  s t a t e  in the s i z e s  of both the l a r g e  and 
s m a l l  bubb les  (F ig .  2c), i . e . ,  the s y s t e m  was  d i s -  
t i nc t ly  p o l y d i s p e r s e .  

The  f i gu re  shows s u c c e s s i v e  p i c t u r e s  of d i s p e r s i o n  
of a gas  e m e r g i n g  f rom s m a l l  ho le s .  

D i s p e r s i o n  in the c a s e  of n o z z l e s  with l a r g e - d i a m -  
e t e r  openings  d i f f e r s  f rom tha t  d e s c r i b e d  in that  the 
j e t  f o r m s  a " f l ame"  beginning  with the four th  s t a te .  
The d i a m e t e r  of the t r a n s v e r s e  c r o s s  s ec t ion  of the 
f l a m e  is  a lways  l a r g e r  than the d i a m e t e r  of the bubble  
f o r m e d  at  the l i q u i d - g a s  boundary .  Thus ,  the bubbles  
f o r m e d  f r o m  the c o r e  and s u r f a c e  of the f l a m e  cannot  
be of equal  s i ze  at  any gas  p r e s s u r e ,  no m a t t e r  how 
high. It i s  t r ue  tha t  the s e l f - f r a g m e n t a t i o n  of the  l a r g e  
bubb les  f o r m e d  out of the f l ame  c o r e  g r e a t l y  i n c r e a s e  
the  g a s  d i s p e r s i o n  when they r e a c h  c r i t i c a l  s i ze .  Even 
in th is  c a s e ,  however ,  the s e c o n d a r y  bubbles  f o r m e d  
as  a r e s u l t  of the f r a g m e n t a t i o n  of the c r i t i c a l  bubbles  
w e r e  s e v e r a l  (as much  as  ten) t i m e s  l a r g e r  than the 
s u r f a c e  bubb les ,  s ince  the  d i a m e t e r  of the f r a g m e n -  
t a t ion  bubb les  was  about two t i m e s  as  l a r g e  as  tha t  of 
the  c r i t i c a l  ob la te  bubb le s .  

It is  n e c e s s a r y  to note that  the  p r i n c i p a l  r o l e  in the 
p roduc t ion  of bubbles  du r ing  f l ame  f o r m a t i o n  i s  p l ayed  
by the s u r f a c e  f o r c e s  at  the g a s - l i q u i d  b o u n d a r y .  
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In our  c a s e  the  s m a l l  d i a m e t e r  of the  nozz l e  hole  
r e s u l t e d  in a v e r y  s l e n d e r  j e t  in the  l iqu id  p r i o r  to 
f r a g m e n t a t i o n ;  the  v e l o c i t y  of the  gas  s t r e a m  in the  j e t  
was  c o n s i d e r a b l e .  F o r  th is  r e a s o n  a m a j o r  r o l e  was  
p l ayed  b y  the i n e r t i a l  f o r c e s  which g e n e r a l l y  d e t e r -  
m ine  the depth  of p e n e t r a t i o n  of the  j e t  into the m e d i -  
um. In our  e x p e r i m e n t s ,  in which the e x c e s s  gas  
p r e s s u r e  equa led  not hundreds  o r  thousands  of a t m o -  
s p h e r e s ,  but  only 1 . 0 - 2 . 0  a im,  the  r e l a t i v e  d i f f e r e n c e  
in p r e s s u r e  in the  fou r th  and loca l  s t a t e s  did  not e x -  
c eed  20-30%,  and the j e t  he ight  r e m a i n e d  a l m o s t  c o n -  
s tan t .  Thus ,  the  p r e v a l e n c e  of a g iven  s t a t e  is  not 
d e t e r m i n e d  by  the j e t  he ight .  

The bubb le s  f o r m e d  at  the end of the je t  cannot  be 
r e g a r d e d  as  r e s u l t i n g  s o l e l y  f rom the f r a g m e n t a t i o n  
of the c r i t i e a l l y  l a r g e  b u b b l e s ,  s ince ,  as  compu ta t i ons  
i n d i c a t e ,  the  sum d i a m e t e r  of a l l  the  b u b b l e s  at  the  
cad  of the  j e t  (unt i l  they  c o m e  a p a r t  a s  they  r i s e )  i s  
s e v e r a l  t i m e s  l a r g e r  than tha t  of the  c r i t i c a l  bubble  
a tone .  

The  phenomenon  of gas  d i s p e r s i o n  u n d e r  the ac t ion  
of the m e d i u m  i s ,  in our  v iew,  ana logous  to the  i m -  
pac t  of a j e t  a g a i n s t  a v i b r a t i n g  p la te  in which the 
c h a r a c t e r  of f l a m e  f r a g m e n t a t i o n  i s  d e t e r m i n e d  by  the 
s t r e a m  v e l o c i t y  and the v i b r a t i o n  f r e q u e n c y  of the 
p la te .  The o p t i m a l  gas  d i s p e r s i o n  s t a t e  i s  then one 
which i s  c h a r a c t e r i z e d  by a spec i f i c  r e l a t i o n s h i p  b e -  
tween  the gas  s t r e a m  v e l o c i t y  and the  f r e q u e n c y  of 
bubble  b r e a k a w a y  f r o m  the  t ip  of the gas  j e t .  The ro l e  
of the  p la te  i s  p l a y e d  by  the  bounda ry  be tween  the 
l iquid and the  f a n - s h a p e d  end of the  je t :  the  v i b r a t i o n  
f a c t o r  c r e a t e d  by bubble  b r e a k a w a y .  

The c h a r a c t e r i s t i c  s t a t e s ,  whi le  they  r e m a i n  the 
s a m e  fo r  d i f f e r en t  l iqu ids  and g a s e s ,  v a r y  with 
changes  in nozz le  d i a m e t e r .  This  i s  fu l ly  c o n s i s t e n t  
wi th  the  fac t  tha t  each  of the s i m i l a r  d i s p e r s i o n  s t a t e s  
fo r  a nozz le  of any d i a m e t e r  is  d e s c r i b e d  by two d i -  
m e n s i o n l e s s  c r i t e r i a .  Hence ,  the  c e n t r a l  p r o b l e m  in 
the s tudy of gas  d i s p e r s i o n  under  the  ac t ion  of the 
m e d i u m  is  tha t  of d e t e r m i n i n g  the  c r i t e r i a  Q and F as  
func t ions  of nozz le  r a d i u s .  

T h e o r e t i c a l  so lu t ion  of th i s  p r o b l e m  is  a f a i r l y  
c o m p l i c a t e d  m a t t e r .  It wi l l  be  so lved  even tua l ly  by 
g e n e r a l i z i n g  e x p e r i m e n t a l  da ta ,  once a suf f ic ien t  body 
of t h e s e  has  been  a c c u m u l a t e d .  We conf ined o u r s e l v e s  
to the p r o b l e m  of e s t a b l i s h i n g  the va lue s  of the d i m e n -  
s i o n l e s s  c r i t e r i o n  Q fo r  the  op t ima l  d i s p e r s i o n  s t a t e  
for  nozz le  ho le  d i a m e t e r s  of  125 ~ .  T o t h i s  end we used  
e x p r e s s i o n  (8) to c o n s t r u c t  a s y s t e m  of seven  e q u a -  
t ions  with t h r e e  unknowns.  A f t e r  e l i m i n a t i o n  of log Q, 
the s y s t e m  c o n s i s t e d  of s ix  equa t ions .  App l i ca t i on  of 

the  method  of l e a s t  s q u a r e s  to th i s  s y s t e m  y i e l d e d  two 
n o r m a l  equat ions  which we used  to d e t e r m i n e  c~ and ft. 
Owing to the  s i m p l i c i t y  of the me thod  and l ack  of space  
we sha l l  m e r e l y  c i te  the  f ina l  r e s u l t s  of the  c o m p u t a -  
t ions ;  i t  t u r n e d  out tha t  c~ = -1 .78  and [3 = -2 .78 .  

R e c a l l i n g  e x p r e s s i o n s  (6), we obta in  

i78 (cos 0) 4.78 (10) 

Q =  ~lgT~Ip ~P (Pat§ p gh)] 

F o r  a nozz le  of d i a m e t e r  125/x the  va lue  of Q tu rned  
out to be 4 .48 .  10 a, 

The dev ia t ions  of the Q va lues  for  m o s t  of the  e x -  
p e r i m e n t s ,  i . e . ,  f o r  f ive c a s e s ,  did not  exceed  25%. 
F o r  two e x p e r i m e n t s  with s m a l l  s u r f a c e  t e n s ion  at  
the l i q u i d - a i r  bounda ry  the  dev i a t i ons  amounted  to 
50% of the Q va lues .  However ,  if we r e c a l l  that  the 
Reyno lds  n u m b e r ,  which inc ludes  only four quan t i t i e s ,  
v a r i e s  f r o m  1200 to 2000, then our  value  of Q can be 
r e g a r d e d  as  su f f i c i en t ly  a c c u r a t e  for  p r a c t i c a l  p u r -  
p o s e s .  

NOTATION 

a 0 i s  the  coef f i c ien t  of s u r f a c e  t ens ion  at the  l i q u i d -  
gas  bounda ry ;  | i s  the con tac t  angle  of wet t ing  of the  
nozz le  m a t e r i a l  s u r f a c e  by the l iquid;  Pat is  the a t m o -  
s p h e r i c  p r e s s u r e ;  p is  the a i r  p r e s s u r e ;  p is  the dens i t y  
of  the  l iquid;  g i s  g r a v i t a t i o n a l  a c c e l e r a t i o n ;  h i s  the  
he igh t  of the  l iquid co lumn;  ~?l and ~g a r e  the  dynamic  
v i s c o s i t y  c oe f f i c i e n t s  of the  l iquid  and gas ,  r e s p e c t i v e -  
ly;  R and r a r e  the  r a d i i  of the  bubble  and nozz le ,  r e -  
s p e c t i v e l y ;  Q and F a r e  d i m e n s i o n l e s s  c r i t e r i a ;  a ,  /?, 
7, ~,  and ~ a r e  the  u n d e t e r m i n e d  c o e f f i c i e n t s ;  7r i s  the  
r a t i o  of the  c i r c u m f e r e n c e  of  a c i r c l e  to i t s  d i a m e t e r .  

REFERENCES 

i. V. I, Klassen and V. A. Mokrousov, Introduc- 

tion to the Theory of Flotation [in Russian], Metallur- 

gizdat, 1955. 
2. W. B. Hayes, B. W. Hardy, and C. D. Holland, 

A. I. Ch. E. Journ., 5, 3, 1959. 
3. S. L. Sillivan and ]3. W. Hardy, A. I. Ch. E. 

Journ., i0, 6, 1964. 
4. E. Reidel, The Chemistry of Surface Effects 

[Russian translation], ONTI, 1936. 

4 October 1966 Ins t i tu te  of P e t r o l e u m  and 
N a tu r a l  Sal ts  C h e m i s t r y ,  
AS KazSSR, G u r ' e v  


